10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

S)

42

*

Stochastic Graph Exploration

Aris Anagnostopoulos
Sapienza University of Rome
aris@diag.uniromal.it

Ilan R. Cohen
CWI, Amsterdam
ilanrcohen@gmail.com

Stefano Leonardi !

Sapienza University of Rome
leonardi@diag.uniromal.it

Jakub Lacki
Google Research, New York
jlacki@google.com

—— Abstract

Exploring large-scale networks is a time consuming and expensive task which is usually operated
in a complex and uncertain environment. A crucial aspect of network exploration is the development
of suitable strategies that decide which nodes and edges to probe at each stage of the process.

To model this process, we introduce the stochastic graph exploration problem. The input is an
undirected graph G = (V, E) with a source vertex s, stochastic edge costs drawn from a distribution
me, e € I, and rewards on vertices of maximum value R. The goal is to find a set F' of edges of total
cost at most B such that the subgraph of G induced by F' is connected, contains s, and maximizes
the total reward. This problem generalizes the stochastic knapsack problem and other stochastic
probing problems recently studied.

Our focus is on the development of efficient nonadaptive strategies that are competitive against
the optimal adaptive strategy. A major challenge is the fact that the problem has an Q(n) adaptivity
gap even on a tree of n vertices. This is in sharp contrast with O(1) adaptivity gap of the stochastic
knapsack problem, which is a special case of our problem. We circumvent this negative result by
showing that O(lognR) resource augmentation suffices to obtain O(1) approximation on trees and
O(lognR) approximation on general graphs. To achieve this result, we reduce stochastic graph
exploration to a memoryless process—the minesweeper problem—which assigns to every edge a
probability that the process terminates when the edge is probed. For this problem, interesting in its
own, we present an optimal polynomial time algorithm on trees and an O(lognR) approximation
for general graphs.

We study also the problem in which the maximum cost of an edge is a logarithmic fraction of
the budget. We show that under this condition, there exist polynomial-time oblivious strategies that
use 1+ e budget, whose adaptivity gaps on trees and general graphs are 1+ ¢ and 8 + ¢, respectively.
Finally, we provide additional results on the structure and the complexity of nonadaptive and
adaptive strategies.
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Stochastic Graph Exploration

1 Introduction

Exploring networked data is a time consuming and expensive task which is also subject to
several limitations. For example, social networks can be explored only through the use of
specific APIs made available by the provider which restrict the number of nodes that can
be probed and limit the number of neighbors of each node that can be discovered with one
probe. The cost and the difficulty of exploring large-scale networks can be an obstacle to
collecting suitable snapshots for the purpose of testing new network analysis tools. The
testing is more often executed on static networks made available in public repositories [20,21]
collected in the past for other purposes. It is therefore of crucial importance the development
of effective and efficient methods to explore large-scale networks.

The core of a network exploration method is the definition of a probing strategy that
decides which nodes or edges to probe at each stage of the process. Both the edge-probe
and the node-probe models are useful in this setting. In the case of the exploration of social
networks, a node-probing strategy allows to gain knowledge on a subset of the neighbors
of the probed node. In the case of the exploration of the Twitter graph, an edge-probing
strategy allows to gain information on those tweets of a user that are retweeted from his
followers.

One main difficulty in the definition of an effective probing strategy is the intrinsic
uncertain nature in terms of cost and probability of success of the process of discovering links
in a network, especially if these links represent complex relationships between nodes. In order
to confirm the existence of a link between two nodes, it may be required to execute several
experiments whose outcome cannot be predicted in advance. Examples are the in-vitro
reactions between proteins needed to discover protein-to-protein interaction networks [8, 26]
or the influence between humans in social networks.

The second main difficulty stems from the adaptive nature of the optimal probing strategy
that needs to be updated from time to time while new parts of the network are discovered.
Adaptive strategies are computationally expensive, given that they must be continuously
updated. In the case of large network exploration, the communication cost of adaptive
strategies is also high since many machines are usually working in parallel at the exploration
process, and the updated strategy must be communicated to the machines participating in
the process. We are therefore interested in devising nonadaptive probing strategies that are
simple and that define the sequence of probes in advance before the process is started. The
obvious drawback is that nonadaptive probing strategies may be suboptimal.

Several recent works [19,24,25] have focused on the task of exploring real-world networks
when a limited budget is available. However, these papers do not provide a comprehensive
theoretical study of these problems. In this work we initiated the study of exploring an
undirected network from a root node. The graph has costs on the edges and rewards on the
vertices. A budget limits the total cost of the of the graph edges that are probed.

More formally, the input of the stochastic graph exploration problem is an undirected
graph G = (V, E) with a source vertex s € V, stochastic edge costs C' : E — Rx( distributed
according to 7, e € E, and deterministic rewards of vertices w : V' — R>¢. (The model
can be easily extended to rewards distributed according to independent random variables.)
During the graph-exploration process we construct a set of edges F' C E that we probe and
we traverse. All vertices of the subgraph of G spanned by F' must be connected to s via the
edges of F. We probe edges one by one and we add them to F'. The actual cost of an edge e,
drawn from the distribution 7, is revealed only when the edge is traversed. The goal is to
maximize the total reward from the vertices spanned by the edge set F' while the total cost
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of the edges in F' remains bounded by a prespecified budget B. As soon as we probe an edge
such that the total cost exceeds B the process terminates.

In the stochastic graph exploration problem, we aim to design simple polynomial-time
computable nonadaptive strategies with a reward as close as possible to the reward obtained
by the optimal adaptive strategy, which decides on the next edge to be traversed after the
cost of all previously traversed edges is revealed (see Section 2 for precise definitions). This
is customary in a class of stochastic optimization problems [6], for which it is common to
bound the adaptivity gap of the nonadaptive strategy.

The stochastic graph exploration problem generalizes some important stochastic opti-
mization problems. If the graph G is a star graph, our problem models ezactly the stochastic
knapsack problem [6,10]. Stochastic knapsack admits an O(1) adaptivity gap, that is, there
exists an optimal nonadaptive strategy, which approximates the optimal adaptive strategy
up to a constant factor. The nonadaptive strategy is devised by exploiting a suitable LP
relaxation for the problem because the standard formulation has an unbounded integrality
gap defined as the worst-case ratio between the optimal integral cost and optimal fractional
cost of the LP. In the LP version of the problem that is used, the costs of the edges are
reduced to their truncated (by the maximum budget) expected costs and the rewards are
also reduced by the probability that the cost of the item is below the maximum budget.

If the network we need to explore is a tree, the stochastic graph problem is a stochastic
knapsack problem with precedence constraints: only a subset of items are available in the
beginning and adding each item to the knapsack will make some new items—the direct
descendants of the explored node—available. Unfortunately, as opposed to the knapsack
problem, the adaptivity gap of the stochastic graph exploration problem that we consider
is unbounded even on a tree network and therefore the LP-based approach of stochastic
knapsack cannot directly be extended.

The stochastic graph exploration problem also models stochastic graph probing problems.
Probing problems in graphs have been introduced [9,16] because of their applications to kidney
exchange and online dating. Consider a probing probability for each edge p : E — [0, 1],
that is, edge e will materialize with probability p(e) each time is probed, independently of
the other edges and of the previous probes. The goal is to maximize the number of vertices
that are connected to a source vertex s by the set F' of edges that have been successfully
probed when the total number of probes is limited by B. Nonadaptive strategies probe a list
of edges in a sequence till success or the total budget B is reached. The stochastic graph
exploration problem we study models the stochastic graph probing problem by setting the
costs of the edges distributed according to Pr(C. =4) = (1 — p(e))*"!p(e), with i being the
number of probes needed to discover edge e.

1.1 Summary of Our Results

Our main contribution is the definition of the stochastic graph exploration problem and the
study of the adaptivity gap of nonadaptive probing strategies. Here is a summary of our
results:

Our first result is an Q(n) adaptivity gap for the stochastic graph exploration problem
even on a spider graph, which is a tree containing a single node of degree more than two.
(Observe that the problem for a simple path is easy because the optimal strategy will traverse
sequentially the edges of the path starting from the root.)

One first direction we pursue to circumvent the impossibility result is to allow a limited
amount of resource augmentation: instead of using budget B, we allow the algorithm to use a
budget of - B, for some value of 3. We call an algorithm («, §)-approximate if it computes
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a strategy which uses budget - B, and obtains an expected reward of at least 1/« times the
optimal reward (obtained by an adaptive algorithm). We present polynomial time computable
nonadaptive strategies in a graph of n vertices that are (O(1), O(lognR))-approximate for
trees and (O(log nR), O(log nR))-approximate for general graphs, with R being the maximum
reward of a vertex.

The idea is to transform the stochastic exploration problem into a memoryless stochastic
process, which we call the minesweeper problem, and which may be of independent interest.
In the minesweeper problem, the budget and the edge costs are replaced by probabilities
p(e), which are specified for every edge e. When an edge e is probed, the process stops with
probability 1 — p(e). Hence, the final reward of a vertex is discounted by the probability that
the strategy does not stop before the vertex is acquired. The minesweeper problem is, in fact,
a special case of stochastic graph exploration, where the support of each 7, (distribution of
cost of edge e) is {0, B + 1} and the budget is B.

We prove that an a-approximate strategy for the minesweeper problem implies an
(O(a), O(log nR))-approximate nonadaptive strategy for the stochastic graph exploration
problem. The idea of the reduction is as follows. We construct a minesweeper problem
instance, where p(e) = Pr(n. < Xp), where Xp is random variable that follows an expo-
nential distribution with parameter B. We first show that, for any subset of edges F', the
probability that their total cost in the stochastic graph exploration is at most B is at most a
constant factor of the probability that minesweeper would stop on this set. On the other
hand, the expected additional reward that can be achieved from minesweeper after the total
cost becomes larger than O(BlognR) is negligible.

We then show how to compute in polynomial time an optimal strategy for the minesweeper
problem on trees and an O(log nR)-approximate strategy on general graphs. These results im-
ply imply an (O(1), O(log nR))-approximate strategy for trees and an (O(lognR), O(lognR))-
approximate strategy for general graphs. To show the optimal result on trees we prove
two facts. First, the order of traversal of the edges in each subtree can be determined
independently. Second, we show a simple optimality condition which helps us determine how
many edges from each subtree should be probed before switching to a different subtree. We
remark that our approach is in a spirit similar to the greedy optimal strategy defined by
the Gittins index [11,12] for multi-armed bandit problems. However, differently from the
standard setting of the Gittins index, in the minesweeper problem, a whole new set of arms
is made available for each node of the tree reached by the exploration process. Moreover,
in the minesweeper problem, the discount factor is not constant because it depends on the
probability assigned to the traversed edge. This approach is not viable for general graphs,
and we provide an approximate solution instead, by showing a reduction of minesweeper to
max-prize problem [7].

We also pursue a second direction to circumvent the lower bound on the adaptivity
gap for trees: we restrict the distributions by considering the case when the edge costs are
bounded by % for a suitable constant ¢. We show, under this condition, the existence of
a polynomial time computable (1 + €, 1 + €)-approximate nonadaptive strategy for trees and
(1 +¢€,8 + €)-approximate nonadaptive strategy for any graph G. We note that this approach
can be extended to prove a result with resource augmentation similar to the one we obtained
through reduction to the minesweeper problem. Yet, we believe that both the minesweeper
problem and the reduction technique can be of independent interest.

Our final result is related to the problem of finding a nonadaptive probing strategy that
is (o(n), O(1))-approximate. We leave open this challenging problem even for trees. However,
we establish an interesting result for the characterization of nonadaptive strategies. We prove
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that any nonadaptive strategy that probes edges in order until it succeeds or until the budget
is exceeded can be (O(1),0(1))-approximated by a set strategy, which probes all edges at
once and obtains a reward only if all edges of a set are successfully probed within budget.
We specifically prove that the adaptivity gap of a nonadaptive strategy can be approximated
up to a factor of 6 by a set strategy that uses budget 9B. We use this result to give an
algorithm for finding a strategy for trees, which is (O(1), O(1))-approximate, compared to
the best nonadaptive strategy. Surprisingly, the resulting strategy is adaptive.

1.2 Related Work

The adaptivity gap of stochastic problems has been studied for the knapsack problem [6,10]
which is a special case of the problem we study. The adaptivity gap has also been studied
for budgeted multi-armed bandits [13,14,22] by resorting to suitable linear programming
relaxation. Differently from previous work on budgeted multi-armed bandit problems, we
consider the setting in which new arms appear after some arms are pulled. Stochastic probing
problems have also been studied for matching [1,4,9] motivated from kidney exchange and
for more general classes of matroid optimization problems [16,17].

The stochastic graph exploration problem we introduce is also related to the stochastic
orienteering problem [5,15]. In stochastic orienteering, the set of traversed edges must form
a path in a metric graph with deterministic costs on the edges, while the time spent on a
node is a random variable, which follows an a-priori known distribution. In stochastic graph
exploration, the random variables are the costs of the edges of the graph but we cannot
ensure that the costs on the edges form a metric since the random variables are independent.

1.3 Organization of the Paper

In Section 2 we formally define our problems. In Section 3 we show the lower bounds on
the adaptivity gap for stochastic graph exploration. In Section 4 we show our reduction
to the minesweeper problem and our results for stochastic graph exploration with resource
augmentation. In Section 5 we present a near-optimal set strategy for trees. In Section 6 we
present our results for the case of edges of small costs and, finally, in Section 7 we study the
power of resource augmentation for relating the cost of nonadaptive strategies to the cost of
optimal set strategies.

2 Problem Definition

We start by an auxiliary definition. Let G = (V, E), with |V| = n, be an undirected graph
and s € V. We say that a set ' C E is connected to s if F' induces a connected subgraph of
G and s is the endpoint of at least one e € F.

Let us now define the STOCHASTICEXPLORATION problem (in the following sometimes
abbreviated by SGE). This problem instance is given by a tuple (G, s, C,w), where G is an
undirected graph G = (V| E), s € V is a source vertex, C' is a function that assigns stochastic
edge costs to each edge, and w : V — R>¢ is a function that assigns (deterministic) reward

to each vertex.? And we denote R as the maximum reward of a vertex i.e. R = max,cy w(v).

Formally, for each e € E, C(e) is a random variable distributed according to 7. that takes

2 The results hold also if the rewards are random variables that are independent of each other and the
edge costs. It suffices to replace each reward with its expected value.
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values in R, all random variables C(e) being jointly independent. For an edge (u,v) we
will often denote C(u,v) = C((u,v)).

Consider the following single-player game. The player has an initial budget of B (B =1
if not specified) and maintains an initially empty subset F' of E, which we call the set of
acquired edges. In each step the player can choose an edge e € E'\ F and probe it (if F' = E,
the game finishes). Probing an edge e is only allowed when F'U {e} is connected to s. When
e is probed, the actual cost C(e) of e, drawn from the distribution =, is revealed. If the cost
e is not greater than the remaining budget, e is acquired (added to F') and C(e) is subtracted
from the budget. If C(e) exceeds the remaining budget, the game finishes. The goal of the
player is to maximize the final payoff of F', which is the total reward of all vertices in the
subgraph of G induced by F.

Let us now define the MINESWEEPER problem, which we often abbreviate to MS. This
problem is defined by a tuple (G, s,p,w), where G is an undirected graph, s € V is a
start vertex, p : E — [0,1] is a function that assigns to each edge e the probability that
e materializes and w : V' — Ry is a function that assigns (deterministic) reward to each
vertex. The only difference between MS and SGE is in how edges are probed. There are no
edge costs or budget. Instead, whenever an edge e is probed, it materializes (independently
of the other edges) with probability p(e) and is acquired immediately. If the edge does
not materialize, the process ends immediately. Note that as in SGE, probing an edge e is
only allowed when F U {e} is connected to s. Note that the MINESWEEPER problem is a
special case of the STOCHASTICEXPLORATION problem, by letting, for each edge e, m. be
the distribution in which with probability p(e) we obtain the value 0 and with probability
1 — p(e) the value B + 1.

We consider the following types of strategies for both problems:

An adaptive strategy is a mapping from the set of already acquired edges (and the
remaining budget, in the case of SGE) to the next edge to be probed.

A nonadaptive strategy, also called a list strategy, is described by a sequence eq,...,eg
consisting of distinct elements of E, such that for each 1 <14 < k, the set {e1,...,e;} is
connected to s. In this strategy, the edges are simply probed according to their order in
the sequence.

A set strategy is a nonadaptive strategy with the additional restriction that it does not
obtain any payoff if it does not acquire all edges from the list.3

For a strategy S for SGE, we denote by r(Zsgr, S, B) the expected payoff of strategy S for
the SGE problem instance Zsgr = (G, s, C, w) with initial budget of B, which is the expected
reward of the set of nodes in the returned solution. When B = 1 we sometimes omit the
third argument of r(-). Similarly, we denote by rvs(Zus, S) the expected payoff of strategy
S for the MS problem instance Zy;s. We call a strategy S optimal for Z with budget B, if
for all strategies S’, r(Z, S, B) > r(Z,5’, B). Let OPT,q be the optimal adaptive strategy
for the SGE problem and OPT,,, be the optimal nonadaptive strategy. We call a strategy
S a-approximate, if for each instance Z, #(Z,S) > 1/a - r(Z,OPT,q). Finally, an algorithm
ALG is (a, f)-approximate if for any instance Z it computes a a-approximate strategy by
using a S factor resource augmentation, i.e. r(Z, ALG(Z),8 - B) > 1/a - r(Z,0PTy.q, B).

3 Note that we abuse earlier definitions slightly for the sake of simplicity.
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Figure 1 An instance in which the optimal adaptive strategy obtains a payoff which is Q(n)
larger than the payoff of the optimal nonadaptive strategy.

3 Lower Bounds

In this section we prove a lower bound on the adaptivity gap of STOCHASTICEXPLORATION.
Namely, we show an instance Zpp = (G, s, C, w) such that r(Zr g, OPTaq)/r(Zrp, OPTyha) =
Q(n), where OPT,q and OPT,, denote the optimal adaptive and nonadaptive strategies.

The instance Zpp is shown in Figure 1. The graph G contains the set of nodes
{s,uy,ug,...,up,v1,...,0¢}, and the set of edges (s,u;) and (u;,v;) for each i € [¢]. For each
i € [0] we set w(u;) =0, w(v;) =T, C(s,u;) = 27" with probability 1 — 1/l and 0 otherwise,
and C(u;,v;) = 1 — 277 + 27D with probability 1.

» Lemma 1. Let OPT,q and OPT,, denote the optimal adaptive and nonadaptive strategies
for instance Zr,g. Then, r(Zrp, OPTu)/m(Zrs, OPT,,) = Q(n).

One natural approach for STOCHASTICEXPLORATION instance is to replace the stochas-
tic edge costs with the truncated expected costs, that is, set the cost of an edge e to
E[min{1,C(e)}]. However as this following example illustrates this approach does not lead
to a good solution, even if constant budget augmentation is allowed.

» Lemma 2. Let OPT,y denote the optimal adaptive strateqy for an instance T and let n
be the number of vertices in the instance. Let OPT,, be the optimal nonadaptive strategy
computed on instance Ipr obtained from I by setting edge costs Elmin{1,C(e)}], e € E.
Assume the nonadaptive algorithm is allowed to use a budget of 1 < ¢ < n/10. Then, there
exists an instance I such that v(Z, OPTuq)/m(Zrr, OPTha) = Q(n/2%¢).

4 The General Case and the Minesweeper Problem

In this section we describe algorithms for solving STOCHASTICEXPLORATION, which use
logarithmic budget augmentation. We first show how to reduce an instance of SGE to
MINESWEEPER and then present solutions for MINESWEEPER on trees and general graphs.
During the description of the reduction we also introduce the logarithmic budget augmentation.
First, we observe that in the MINESWEEPER problem we do not have budget so there is no
history that an algorithm may have to remember, except for the edges that it has probed
(and succeeded). This implies the following:

» Observation 3. There exists an optimal strategy for the MINESWEEPER problem that is
nonadaptive.

131:7
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s 4.1 Reduction from STOCHASTICEXPLORATION to MINESWEEPER

26 In this section we show how, given an instance Zggy = (G, s, C, w) of STOCHASTICEXPLORATION,
27 we transform it to an instance Zys = (G, s, p, w) of MINESWEEPER. The graph and the
28 rewards remain the same; the challenge is to define the correct edge probability function p(-)
20 for MS and relate it to the cost function C(-) of SGE. For each edge e’ we transform the
30 cost distribution C(e’) to the probability that the edge materializes, p(e’) (a scalar). Let X,/
s be a random variable distributed according to the exponential distribution with parameter 1,
32 let ¢ be the cost, which is distributed according to C(e’), and we set p(e') = Pr(Xeo > cer).
303 Next we show how this choice couples the two problems.

304 First, we show that for any subset of edges F' the probability that their total cost in
s SGE is at most 1 is at most a factor e times of the probability that all the edges in F
36 materialize, and therefore MS does not stop on this set. Let £ be the event that all the
a7 edges in F' materialize and G the event that Ze, er Cer < 1. The following lemma makes
38 use of properties of the exponential distribution.

w0 B Lemma 4. For any F C E we have that Pr(Gr) < e-Pr(&p).

310 This lemma allows us to prove the following lemma, which gives a strategy for MS that
s is competitive with the optimal adaptive strategy for SGE. The idea behind the proof is to
a1z define a strategy for MS in such a way that we can couple the execution of the two strategies
a3 in the corresponding problems.

ae > Lemma 5. Consider an SGE instance Zsgr = (G, s,C,w) and let Tys = (G, s,p,w) be
a5 an instance for MS as defined previously. Let OPTyy denote the optimal adaptive strategy
a6 for SGE and OPTyg the optimal strategy for MS. We have that

317 T((G, s,C, ’LU), OPT,q, 1) <e- TMs((G, s,C, w), OPTMS).

318 Recall from Observation 3 that the optimal strategy for the MINESWEEPER problem is
a9 nonadaptive, therefore it can be specified by a list of edges that are selected sequentially
a0 until for one of them there is a failure. Let OPTys be such an optimal sequence of edges.
a1 Next we show that the sequence of edges OPT)yis can provide an approximate result to the
2 STOCHASTICEXPLORATION problem if we allow for some budget augmentation.

23 B Lemma 6. Consider an SGE instance Zsgr = (G, s,C,w) and let Tys = (G, s, p,w) be
2a  an instance for MS as defined previously. Let OPT)ys be the optimal sequence of edges for the
25 MINESWEEPER instance, and let S be the (nonadaptive) strategy for STOCHASTICEXPLORATION
w6 that probes the same edges, in the same order. Then we have that

307 r((G,s,Cyw),S,2In(nR)) > rys((G, s,C,w), OPTys) — o(1),
28 where R = max,ecy w(v).
320 Collecting the results of Lemmas 5 and 6 we obtain the following theorem.

0 B Theorem 7. Consider an SGE instance Zscr = (G, s,C,w) and let Tys = (G, s,p, w) be
s an instance for MS as defined previously. Then
G,s,C,w),1, OPTy4)

w2 r((G,s,C w), OPTpe,2In(nR))+0(1) > rys((G, s,C,w), OPTyg) > r(( p .




333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

A. Anagnostopoulos, I. Cohen, S. Leonardi and J. tacki

4.2 MINESWEEPER on Trees

We show that the minesweeper problem on trees can be solved optimally in near-linear time.

» Theorem 8. Consider the instance T = (T,s,p,w) of the minesweeper problem, where
T is a tree. The optimal strategy, OPTys, for MINESWEEPER on T can be computed in
O(nlogn) time, where n is the number of vertices of T.

The algorithm is surprisingly simple and based on a greedy approach. We define the
utility of an edge to be the expected payoff from probing it, divided by the probability that
the edge does not materialize. The algorithm is based on two observations. First, we observe
that if there is a node x in the graph with a single child y and the utility of the edge zy is
larger than the utility of the edge connecting = and its parent, then without loss of optimality
we can assume that the edge xy is probed right after the edge connecting x and its parent,
so we can merge these two edges into a single one. Second, if there is a node x, such that one
can probe all edges in the subtree of = in the order of decreasing utilities (and not violate
the constraint that an edge can be probed only after one of its endpoints has been acquired)
then one can replace the entire subtree of z with a line, which is a subtree imposing the
concrete order of probing edges. It turns out that by using both these rules one can find the
optimal order of probing edges efficiently.

We obtain the algorithm by generalizing some existing results from the area of scheduling.

At the same time our analysis is arguably simpler. We give the proof of Theorem 8 in the
full version of the paper.

4.3 MINESWEEPER on general graphs

In this section we present an algorithmic solution to MINESWEEPER for general graphs, which
provides a bicriteria approximation for our problem. We prove the following theorem.

» Theorem 9. Consider the instance T = (G, s,p,w) of the minesweeper problem, where
G = (V, E) is an undirected graph. An O(lognR)-approzimate strategy can be computed in
polynomial time.

In the following we provide a sketch of the proof. Assume that the optimal solution is
the sequence of edges S* = (eq,...,ex). We first observe that the edges in S* must form
a tree. Define M(E") to be the event that all the edges in the set E' materialize. Also let

w(ey,...,e) = Z;Zl w(e;). Then S* is a sequence that maximizes

k
0" =3 Pr(M({er, ... ei}), "M({esn)})) - wler, . eq).

For £ =0,1,...,InnR, define I(¢) to be all values j such that w(ey,...,e;) € [2¢,2¢F1 —1],
and ¢(¢) to be the smallest such j.
We can write after some manipulations:

InnR
o* < Z 2111(61, PN ,eb(g)) . Pr(./\/l({el, sy eL(g))}) < 2ln(nR) . w(E) . PI‘(M(E)) y

£=0

with E C E being the set of edges that defines a tree that contains s and maximizes
w(E) - Pr(M(E)) . Therefore, our goal becomes that of finding that set of edges E that

forms a tree and maximizes w(E) - Pr(M(E)).
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For this purpose, we use the problem of maz-prize tree. In the max-prize tree [7] we are
given an undirected graph G = (V, E) with a source vertex s € V, (deterministic) edge costs
¢: I — Ry, deterministic rewards on the vertices w : V' — R>¢, and a budget B € R. The
objective is to build a subgraph G’ = (V', E’) of G such that (1) G’ is a tree, (2) s € V', and
(3) Doecrr cle) < B, that maximizes ), i w(v).

We use for our approximation the 8-approximation algorithm for the max-prize—tree
problem given by Blum et al. [7].

5 Approximating Set Strategy on Trees

In this section we show an algorithm for computing a strategy for trees, which is (1,1 + €)-
approximate compared to the optimal set strategy. The strategy itself is adaptive.

» Lemma 10. Let Z = (G, s,C,w) be a SGE instance, where G is a tree. Let OPTse; be the
optimal set strategy for . Then, in O(n*/€*) time we can compute an adaptive strategy S,
such that r(Z,S,1+€) > r(Z, OPTset,1). Moreover, if edge costs are not stochastic, that is,
the support of each distribution w. has size 1, the algorithm runs in O(n®/¢) time and the
resulting strategy is not adaptive.

We briefly describe the ideas behind the algorithm. Consider the instance Z = (T s, C, w),
where T' is a tree. We root the tree at s and assume an order on the children of each node.
Consider the sequence P = (e1, ..., e,) of the tree edges built with the following recursive
algorithm. Given a node of T, iterate through its descendant edges (according to their order)
and for each such edge output it and recur on the other endpoint. This traverses the tree in
a preorder fashion. We define < to be the linear order on the edges of T induced by this
traversal. In the following, we assume that the edges are ordered according to <, for example,
by a maximal element of a set of edges, we mean the edges that is largest according to <.

We say that a subset A of edges of T is feasible, if each edge e € A is either incident to
the root of T, or the parent edge of e also belongs to A. Observe that given sufficient budget,
a strategy can acquire any feasible set of edges of T'. This follows from the fact that for each
edge e of T, its parent comes before it in P. Our algorithm will probe some feasible set of
edges according to the order <, that is, after probing an edge e it will not probe any edge f
such that f < e.

The algorithm for computing our strategy is based on dynamic programming. A simple
and inefficient approach is to use an exponential number of states. Namely, each state can be
characterized by the set of edges acquired so far, denoted by A, and the remaining budget,
which we discretize to a multiple of ¢/n. Knowing the set A allows us to find all such edges
e that AU {e} is a feasible set and e comes after the maximal element of A in the order <.
The key idea is that we can improve the number of states to polynomial, by taking advantage
of the following property of the ordering <.

» Lemma 11. Let A be a nonempty feasible set of edges of T and let e be the mazimal edge
of A. Given e (and without knowing A) we can compute the set F, of all edges f such that
e =< fand AU{f} is a feasible set.

6 Bounded Edge Costs

In this section, we deal with the special case of STOCHASTICEXPLORATION, where the cost
2
of each edge is bounded by O(:=) and the ratio between the smallest and largest reward R

Inn
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is polynomial in n. We prove that in this setting a (O(1),1 + €) strategy for SGE can be
computed in polynomial time.

» Theorem 12. Let 7T = (G, s,C,w) be an instance of SGE, where C(e) = O(%) (for each
edge e and some 0 < € = O(1)), R < en®Y) | and the smallest reward is 1. Then, in polynomial
time, we can compute a nonadaptive (O(1),1 + €)-approzimate strategqy for T. Additionally,
if G is a tree, then in time O(n3/€) we can compute a nonadaptive (1 + €, 1 + €)-approzimate
strategy for T.

To prove the theorem, we consider the following strategy. We replace the stochastic edge
costs with their expected values (i.e., the edge cost distributions in the modified instance
have size 1). Then, we show that the optimal set strategy using budget augmented by a
factor of 1 + € gives a (1 + ¢)-approximate solution.

For ease of notation, we scale the edge costs and the budgets by a factor of ©(e?/Inn),
so that the edge costs are bounded by 1 and the available budget is B = O(e?/Inn).

First, we bound the payoff of an adaptive strategy when the expected cost of its acquired
edges is more than B - (1 +¢). Let p. = E[C(e)], and pu(F) = > p fe-

» Lemma 13. Let 0 < e < 1/3 and let T = (G, s,C,w) be an instance of SGE, in which
B > 5c/e?-Inn. Let F be a set of edges acquired by some adaptive strategy. If u(F) > (1+¢)-B
then the probability that C(F) < B is at most n™¢.

Next, we show that if the expected cost of some set of edges is close to the budget, then
this cost is highly concentrated around the expected value. This enables us to give a set
strategy with small budget augmentation.

» Lemma 14. Let 7 = (G, s,C,w) be an instance of SGE. For any set of edges F' and any
B >5¢/e? -Inn, if u(F) = B then the probability that C(F) > (1 + €)B is at most n=¢.

» Lemma 15. Let T = (G,s,C,w) be an instance of SGE, where B > 5c/e*Inn, the
mazimum reward R satisfies R < en®™', and the minimum reward is 1. Let T, be obtained
from T by replacing each edge cost with its expected value. Let OPT,, be the optimal set

strategy using budget (1+€)B for I, and OPT,q be the optimal adaptive strategy using budget
B for . Then, (14 €)r(Z, OPT.,.;,(1+¢€)B) > r(Z, OPT,q4, B).

set?

Observe that finding the optimal set strategy on Z. is NP-hard, as it generalizes the
knapsack problem. However, it becomes tractable, if we augment the budget. In particular,
for trees, we use the algorithm of Lemma 10, and for general graphs, in Section 4.3, we show
how to use the solution of the max-prize problem.

7 Nonadaptive strategies

In this section we consider nonadaptive strategies for the stochastic exploration problem.

The main result of this section is that, for the graph exploration problem, that there exists a
set-strategy with a constant budget augmentation, which is a constant competitive compared
to the best nonadaptive algorithm. Recall that, a set-strategy is to choose a set of edges
(without an internal order) and to try to probe all of the edge in that set. The gain of
strategy for a set of edges, is nonzero only if the entire set was successfully probed (i.e., if
the total cost of the set is smaller than the budget), and then it collects the rewards of all
the vertices connected to this set. Therefore, the expected gain of set-strategy given a set
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of edges, is the total gain of vertices spanned by these edges times the probability that the
total cost of these edges would not be greater than the specified budget.

First, we are able to show how much is the increment in the probability to successfully
probe a set, when using a constant budget augmentation.

7.1 Power of Budget Augmentation

Let S = {e1,e2,...,e,} be a set of edges and let ¢; £ C(e;). Define cp = Z?:k ¢; the
realized cost of the subset of the edges {ey,...e,} and, for ease of notation, let C7 = C’{.
For any ¢ € [n] let P;(a) be the probability that the sum of cost of the edges {e1,...e;} is at
most a, that is, P;(a) = Pr(C* < a).

The next lemma will allow us to take advantage of budget augmentation.

» Lemma 16. Assume that for each edge e;, i € [n] we have ¢; € [0,1]. Then

Interestingly, the multiplicative factor increases as the probability to succeed with the
original budget decreases. We will use this fact, but to compare to a list-strategy we need
stronger guarantees, we simply use the above lemma twice and deduce the following.

» Corollary 17.

P,(9) > Pn(l)(l_ln(éjn(l)))z

7.2 List Strategy vs. Set Strategy

Now, we are ready to prove the main claim of this section, that we are able to compare the
strategies using a budget augmentation. Consider an SGE problem instance Z = (G, s, C, w).
Let S;s = (e1,...,e,) be a nonadaptive strategy (a feasible sequence of edges) and let v;
denote the vertex whose reward is obtained when e; is acquired. The expected payoff of
probing the list with budget B(> 1) is by linearity of expectation:

(T, 81, B) = Y _w(v;) - Pr(CY < B).
j=1

Given a nonadaptive strategy S;s = (e1, ..., en), consider n different set strategies S, for
k={1...n}, where S = {e1,...ex}. Note that the expected payoff of Sy with budget 9- B
is

r(Z, Sk, 9B) = Pr(C* < 9B) ~Zw(vj).

Finally, we show that there exists k € {1,...,n} such that the set strategy Sj with
budget 9B obtains a constant fraction of strategy S;s.

» Lemma 18.

m}gx{r(I, Sk, 9B)} > 0.46 - r(Z, S5, B).
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7.3 Algorithm for Trees

By combining Lemma 18 with the algorithm of Lemma 10, we obtain the following.

» Theorem 19. Let 7 = (G, s,C,w) be a SGE instance, where G is a tree. Let OPT,, be
the optimal nonadaptive strategy for . Then, in O(n*/€?) time we can compute an adaptive

strategy S, such that r(Z,5,94¢€) > 0.46 - r(Z, OPTpq4, 1).

8 Conclusions

In this work we have introduced the stochastic exploration problem on graphs which gener-
alizes the stochastic knapsack problem [6,10]. We proved that, differently from stochastic
knapsack, no o(n) adaptivity gap is possible unless we allow some resource augmentation on
the budget. We provided algorithms with bounded adaptivity gap and logarithmic resource
augmentation by reducing stochastic exploration to a related memoryless problem—the
minesweeper problem. We also considered the case of edges with small costs for which it is
possible to provide an algorithm with O(1) adaptivity gap and O(1) resource augmentation.
The most challenging problem left open from our work is the one of devising an algorithm
with O(1) approximation factor that uses only O(1) resource augmentation for general graphs.
The problem is open even for trees. We provided a set of additional results on the structure
of optimal adaptive strategies and on the power of resource augmentation for set strategies
with respect to list strategies that can help in addressing this problem.
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A Omitted Proofs

» Lemma 1. Let OPT,q and OPT,, denote the optimal adaptive and nonadaptive strategies
for instance Zpp. Then, r(Zrp, OPTaq)/m(Zrp, OPTha) = Q(n).

Proof. Let Syp be the adaptive strategy that probes the edges (s,u¢), (s, us—1), (8,us—2),. ..
until it probes an edge (s,u;) whose cost turns out to be 0. After that it probes the edge
(ug, v). Note that right before probing edge (ug,vx) the budget that has been used so far is

27@ + 27([71) NI 27(k+1) < 271@ _ 27([4»1).

We have that C(uy,vy) = 1 — (27F — 2= +1) with probability 1, therefore there is sufficient
budget to acquire the edge (ug,vr) and obtain the reward of w(vg) = T. The probability
that the cost of some edge (s, u;) is 0 is

-1 N1 1-01-49H" 1 1
Z<1_e> T ioaony icle
k=0 [

Therefore, the expected payoff of strategy Sap is r(Zrp, Sap,1) =T (1 —1).

Consider now any nonadaptive strategy S. If the payoff of S is nonzero, it clearly attempts
to probe at least one edge (u;,v;). Consider the first such edge (u;,v;). Clearly, the strategy
must probe the edge (s,u;) before attempting to probe (u;,v;).

Thus with probability 1 — 1/¢ we have that C(s,u;) = 27¢ and in that case, just
before probing edge (u;, v;), the leftover budget is at most 1 — 27%. Then, since C(u;,v;) =
1 —2714 2=+ the remaining budget is not sufficient, so the game terminates with total

payoff 0 In the remaining case we have C(s,u;) = 0, which happens with probability 1/¢.

In this case the strategy acquires edge (u;,v;), but after that the remaining budget is not
sufficient to reach another node v;. This means that the expected payoff of strategy S is at
most 7(Z.p,5,1) < T. The lemma follows. <

» Lemma 2. Let OPT,, denote the optimal adaptive strategy for an instance T and let n
be the number of vertices in the instance. Let OPT,, be the optimal nonadaptive strategy
computed on instance Irr obtained from T by setting edge costs Elmin{1,C(e)}], e € E.
Assume the nonadaptive algorithm is allowed to use a budget of 1 < ¢ < n/10. Then, there
exists an instance T such that r(Z, OPTaq)/r(Zrr, OPTys) = Q(n/2%).

Proof. Let us define an instance Z = (G, s, C,w), where G = (V, E) is a graph such that
V = {s,u1,...,up,v}, and E = {(s,u1), (u1,u2),...,(Un—1,un),(s,v)}. For each edge

i€{l,...,2¢+ 1}, C(uj,u41) = 1 with probability 1/2 and 0 otherwise, for ¢ > 2¢ + 1.

C(u;, u;41) = 0 with probability 1. The reward function of u; is 0 for ¢ € {1,...,2c¢+ 1} and
1 for i > 2¢ + 1. In addition, C(s,v) = 1 with probability 1, and w(v) = 1.
The expected truncated cost of the edges (u;, u;41) fori € {1,...,2c+1} is 1/2. Therefore,

an algorithm which uses the expected truncated costs will assume it cannot reach wugcto.

Hence it will acquire just the edge (s,v) and obtain a reward of 1. At the same time, with
probability 272¢72_ an algorithm can obtain the reward from all Q(n) vertices u;. This gives
a gap of Q(n/2%¢). <

» Lemma 4. For any F C E we have that Pr(Gr) <e-Pr(€p).

Proof. First, note that, for three independent random variables X, Xo, X3 distributed
according to an exponential distribution with the same parameter A, we have that

131:15

Pr(X; >a) -Pr(X; >b) =Pr(X3 >a) -Pr(Xz >b) =Pr(Xs >a) Pr(Xs>a+b| X3 >a)

:Pr(X3>a+b),
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Stochastic Graph Exploration

where the second equality follows from the memorylessness property of the exponential
distribution.

Let X be a random variable drawn from the exponential distribution with parameter 1.
Using the fact that we proved above, we have that

Pr(&p) = [[ Pr(X. > c) =Pr (X > ce> ,

ecF eckF

and that

Pr(&r|Gr) = Pr<X > Z Ce

ecF

D e < 1) >Pr(X >1)=c L

ecF

Therefore, we finish the proof of the lemma by combining this fact with
PI‘(gF) 2 :PI‘((E’F7 QF) == PI’(SF | QF) . Pr(gp) .
<

» Lemma 5. Consider an SGE instance Zsgg = (G, s,C,w) and let Tys = (G, s,p,w) be
an instance for MS as defined previously. Let OPT,q denote the optimal adaptive strategy
for SGE and OPTys the optimal strategy for MS. We have that

r((G,s,C,w), OPTy4,1) < e-rys((G,s,C,w), OPTys).

Proof. Counsider the optimal adaptive strategy OPT,4 and a strategy for minesweeper (call it
S) that selects to probe the same edges as OPT,q. We will lower bound the probability that
OPT,q terminates (i.e., exhausts its budget) before the strategy is applied to MS. Consider
a graph G, and let g(x, G) be the probability that OPT,4 for SGE on graph G with budget
x does not finish after strategy S. for MS. Abusing notation, define

N it .
g(z,i) = Jof = 9(0)

x

We will prove by induction on i and x that g(z,i) > e™*.

First note that for ¢ = 0 there is not any edge to probe so we are done. So consider ¢ > 1
and assume that for any = > 0 and any graph G’ = (V', E’) with |E’| < i — 1 we have that
g(z,G") > e~*. For x = 0, OPT,q has no budget for SGE so it cannot continue and the
claim is trivially true. Thus, consider the case that ¢ > 1 and = > 0. Assume that we have
graph G = (V, E) and for e € E denote by G, the graph in which edge e has been contracted.
Then notice that we have that the probability that OPT,q will not terminate after strategy
S of MS is equal to the probability that (1) OPT,q finishes when probing the next edge, or
(2) that it does not, and neither does S but in the next steps OPT,q does not terminate
after MS. Therefore, for any x and any graph G with i edges, we have that

g(x,G) =Y _ Pr(C(e) =c)+ »_ Pr(Cle) =cc) - g(x — ce, Ge) - Pr(X > c.)

Ce>X ce<T
> Z Pr(C(e) =c.) + Z Pr(C(e) =ce) g(x —ce,i—1) - Pr(X > c.)
Ce>X ce<T

> Z Pr(Cle) =ce)- e+ Z Pr(Cle) =ce) €77 . e % >e 7,
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where the equality follows from the fact that in the MS problem that we defined edge e does
not die with probability Pr(X > ¢.), the first inequality from the fact that graph G, has
i — 1 edges, and the second inequality from the fact that e™ < 1 and from the induction
hypothesis.

Because this holds for all graphs G with ¢ edges, we deduce that for any z > 0 we have
that g(x,i) > e~ 7.

Therefore, we have that g(1,G) > 1/e, which means that there exists a strategy for the
MS problem that with probability at least 1/e does not stop before strategy OPT,q, and
therefore has expected payoff of at least r((G, s, C,w), OPT,q,1)/e. <

» Lemma 6. Consider an SGE instance Zsge = (G, s,C,w) and let Tys = (G, s,p,w) be
an instance for MS as defined previously. Let OPT s be the optimal sequence of edges for the
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MINESWEEPER instance, and let S be the (nonadaptive) strategy for STOCHASTICEXPLORATION

that probes the same edges, in the same order. Then we have that
r((G, s, C,w), S,2In(nR)) > rus((G, s,C,w), OPTys) — o(1),
where R = max,ev w(v).

Proof. Let L = {e1,...e,—1), the (optimal) list of edges that OPTyg probes. By definition,
strategy S for STOCHASTICEXPLORATION probes the same edges. We consider an execution
of MINESWEEPER using strategy OPTys and an execution of STOCHASTICEXPLORATION
with strategy S. We couple the two executions, such that for each edge e the value ¢, be the
same in both executions.

Consider a materialization of the values c., up to ¢, , of the edges in L. Let r be the

1
index such that

Zcei < 2In(nR)

i=1
and

r+1

Z Ce; > 2In(nR).

i=1

Then notice that the revenue of strategy S for STOCHASTICEXPLORATION is a value W,
which is the sum of the rewards of the nodes reachable from the source node s using edges
e1,...,e.. We now show that the expected value of OPTyg is W + o(1). Recall that when
OPTys probes an edge e;, the probability that it materializes is p(e;) = Pr(X,, > c,),
with X., being an exponentially distributed random variable with parameter 1. If OPTyg
succeeds up to edge e, it acquires reward up to W. Otherwise, the probability that OPTyg
succeeds for more than r edges is at most

r+1 r+1 1

Hp(ei) = H e=Ce = ¢ 2uim % < ¢ 2In(nR) = (nR)~2.
i=1 i=1

The maximum reward that it can acquire is upper bounded by nR, therefore, the expected
reward of OPTys (given the values c.,) is

nRkR 1
W+(nR)2—W+(nR) .
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Stochastic Graph Exploration

Therefore, for each materialization of the edge costs, we have that the expected reward
of OPTys on MINESWEEPER is at most (nR)~! higher than the reward of strategy S for
STOCHASTICEXPLORATION, implying that the expected reward of S is at most (nR)~! less
than the expected reward of OPTys. <

» Theorem 9. Consider the instance T = (G, s,p,w) of the minesweeper problem, where
G = (V, E) is an undirected graph. An O(lognR)-approzimate strategy can be computed in
polynomial time.

Proof. Assume that the optimal solution is the sequence of edges S* = (eq,...,ex). Define
M(E'") to be the event that all the edges in the set E’ materialize. Also let w(ey, ..., e;) =
Z;Zl w(e;). Then S* is a sequence that maximizes

ZPI‘ {el,...,ei}),ﬁ/\/l({eiﬂ)}))-w(el,...,ei).

For ¢ =0,1,...,lognR, define I(£) to be all values j such that w(ey, ..., e;) € [2¢,2¢F1 1],
and ¢(¢) to be the smallest such j.
We can write

lognR
0 = > > PrM({er,....e;}), ~M({eis1)}) - wlen, ... ¢))
£=0 4€l(¥)
lognR
< Z 2w(er, ..., e ) Z Pr(M({e1,...,¢e;}),~M({eit1)})
£=0 icI(6))
lognR

< Z 2w(eyq, .- ., eb(g)) . Pr(./\/l({el, ceey eb(g))}) .
=0

Note that the optimal sequence of edges S* cannot contain a cycle because for each node
v € V we either reach it through a path and we collect value w(v), or we die before and the
process stops. Furthermore, we collect value w(v) only for nodes reachable from s through
edges of S* that have materialized. Therefore, the edges in S* must form a tree.

Let E C E be the set of edges that defines a tree that contains s and maximizes

w(E) - Pr(M(E)).
For each £ = 0,1,...,lognR we have that
w(E) - Pr(M(E)) > wleq,... e ) Pr(Mler,... e )
and we obtain that
O* < 2log(nR) - w(E) - Pr(M(E)) . (1)

Therefore, our goal becomes that of finding that set of edges E that forms a tree and
maximizes

We next show how to find a tree that approximates this quantity. Consider the graph

with the same vertex and edge set as G, with the same rewards on the vertices w(-), and
with edge costs ¢ : E — R, defined as ¢(e) = —logp(e). Note that

= H p(e) = Q_Zeeéw( )

ecE
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Let Uiy = mineeptf(e), and Wiax = > cp(e). For £ € {Wnin, Ymin +1,. .., Yinax },
let T be the tree T' that (1) has cost .,z 1(e) < ¢, (2) contains node s, and (3) maximizes
w(T), defined as ) . w(v), where we say that v € T if node v belongs to the tree T'.

This is precisely the max-prize—tree problem, and by the discussion just before the proof
we can deduce that for each £ € {U 0, Upmin + 1, ..., Pimax } We can compute a tree T with
cost at most £ and total weight at least w(T*)/v. Note that ¥, < —nlog(max. p(e)), so
we solve only a polynomial (in the input length) number of max-prize—tree problems.

Let

0* = arg m?X{Z_Z ~w(TH}.
We have )z 1(e) < €%, which implies that Pr(M(Tﬁ)) = [I.cper P(e) > 24" Define
(= |-logPr(M(E))|

and notice that £ = 7. Also, notice that we have

?

270 > “Pr(M(E)).

N | =

Putting everything together, we obtain that, for the solution 7" that we compute, we have

Ww(T?) > L Pr(M(B))w(E).

. - R 2t
Pr(M P )-w Ty > 2 (P > 2 z
(7)) w(d*) @)= - -

~w(Té*) >

Using this in Equation (1), we conclude that

. - 1 §
Pr(M(Tf )) () > IR

<

» Lemma 10. Let 7 = (G, s,C,w) be a SGE instance, where G is a tree. Let OP Tt be the
optimal set strategy for . Then, in O(n*/€?) time we can compute an adaptive strategy S,
such that r(Z,S,1+€) > r(Z, OPTset,1). Moreover, if edge costs are not stochastic, that is,
the support of each distribution w. has size 1, the algorithm runs in O(n?/¢) time and the
resulting strategy is not adaptive.

Proof. We now describe the algorithm computing the strategy. First, we quantize the edge
costs, by rounding them up to multiples of ¢/n. Namely, each time a cost of ¢ is incurred, we
actually deduct [¢/(e/n)](e/n) from the budget. Because each strategy acquires at most n
edges, this turns a strategy using a budget of 1 into a strategy using budget of 1 4 . Hence,
by using budget of 1 4 €, we can assume that the cost of each edge is a multiple of ¢/n. In
particular, at every step the remaining budget in has one of (1 + ¢€)/(e/n) = O(n/e) distinct
values.

The dynamic programming uses an array D(e, b), indexed by an edge e and the remaining
budget b. Note that the array has size O(n?/¢). The value D(e,b) denotes what is the
maximum expected reward that a strategy can get in the remaining part of the game if the
first edge to be probed is e and the remaining budget is b. Of course the next edge to be
probed after e has to belong to the set Fi. (see Lemma 11). Denote by r. the reward that we
obtain from acquiring the edge e. We use the following recursive formula:

b/(e/n)
D(e,b) = Z Pr(C(e) =i(e/n)) (re + gcrggi D(f,b— z(e/n))) .
i=0 ¢

131:19
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Stochastic Graph Exploration

Observe that there are O(n?/e¢) values of D(e,b) to compute and evaluating each of
them requires O(n?/¢) time. Hence, the dynamic programming requires O(n*/e?) time. The
expected payoff of the strategy can be obtained by taking maximum of D(e,1 + €) over all
edges e incident to s. The recursive formula directly translates to an adaptive algorithm.
After acquiring the edge e, if the remaining budget is b — i(e/n), the next edge to probe
is argmaxyfer, D(f,b —i(e/n)). Note that this can only be evaluated once we know the
remaining budget and thus the obtained strategy is adaptive.

Clearly, the obtained strategy is the optimal adaptive strategy, among strategies that
probe edges according to the ordering <. Because, without loss of generality, we can assume
that each set strategy probes edges according to this order, we immediately get that the
r(Z,1+¢S)>r(Z,1,0PTge).

Finally, let us consider the case of non-stochastic edge costs. Observe that the sum in
the formula for D(e,b), has only single summand, which improves the running time by a
factor of n/e. Moreover, the choices of the algorithm can be simulated beforehand, so the
final strategy is nonadaptive. |

» Lemma 11. Let A be a nonempty feasible set of edges of T and let e be the mazimal edge
of A. Given e (and without knowing A) we can compute the set F. of all edges f such that
e < f and AU{f} is a feasible set.

Proof. Consider the path S that starts at the root of T' and ends with e. Observe that every
edge whose one endpoint is on the path and that comes after e in the order < belongs to the
set F,. Indeed, by adding each such edge to F' we obtain a feasible set. It is also easy to see
that adding any other edge larger than e to A would not yield a feasible set. |

We use the following theorem in the proof of the next lemma.

» Theorem 20 ( [23]). Let X be a martingale such that Y ._, Var[X; | X;_1] < V and
Xi — Xi—l S M. Then,

2
Pr(X; —E[X] < -)) <exp (2‘/_:\]\4)\/3)
» Lemma 10. Let 7 = (G, s,C,w) be a SGE instance, where G is a tree. Let OPTse; be the
optimal set strategy for . Then, in O(n*/e®) time we can compute an adaptive strategy S,
such that r(Z,S,14€) > r(Z, OPTse, 1). Moreover, if edge costs are not stochastic, that s,
the support of each distribution . has size 1, the algorithm runs in O(n?/¢) time and the
resulting strategy is not adaptive.

Proof. We now describe the algorithm computing the strategy. First, we quantize the edge
costs, by rounding them up to multiples of ¢/n. Namely, each time a cost of ¢ is incurred, we
actually deduct [¢/(e/n)](e/n) from the budget. Because each strategy acquires at most n
edges, this turns a strategy using a budget of 1 into a strategy using budget of 1 4 e. Hence,
by using budget of 1 4 ¢, we can assume that the cost of each edge is a multiple of ¢/n. In
particular, at every step the remaining budget in has one of (1 + €)/(¢/n) = O(n/e) distinct
values.

The dynamic programming uses an array D(e, b), indexed by an edge e and the remaining
budget b. Note that the array has size O(n?/e¢). The value D(e,b) denotes what is the
maximum expected reward that a strategy can get in the remaining part of the game if the
first edge to be probed is e and the remaining budget is b. Of course the next edge to be
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probed after e has to belong to the set Fi. (see Lemma 11). Denote by r. the reward that we
obtain from acquiring the edge e. We use the following recursive formula:

b/(e/n)
D(e,b) = Z Pr(C(e) =i(e/n)) (re + max D(f,b— z(e/n))) .
i=0 ¢

Observe that there are O(n?/e) values of D(e,b) to compute and evaluating each of
them requires O(n?/e) time. Hence, the dynamic programming requires O(n*/e?) time. The
expected payoff of the strategy can be obtained by taking maximum of D(e, 1 + €) over all

edges e incident to s. The recursive formula directly translates to an adaptive algorithm.

After acquiring the edge e, if the remaining budget is b — i(¢/n), the next edge to probe
is argmaxyer, D(f,b —i(e/n)). Note that this can only be evaluated once we know the
remaining budget and thus the obtained strategy is adaptive.

Clearly, the obtained strategy is the optimal adaptive strategy, among strategies that
probe edges according to the ordering <. Because, without loss of generality, we can assume
that each set strategy probes edges according to this order, we immediately get that the
r(Z,14+¢€,5) > r(Z,1,0PTge).

Finally, let us consider the case of non-stochastic edge costs. Observe that the sum in
the formula for D(e,b), has only single summand, which improves the running time by a
factor of n/e. Moreover, the choices of the algorithm can be simulated beforehand, so the
final strategy is nonadaptive. |

» Lemma 11. Let A be a nonempty feasible set of edges of T and let e be the mazimal edge
of A. Given e (and without knowing A) we can compute the set F, of all edges f such that
e =< fand AU{f} is a feasible set.

Proof. Consider the path S that starts at the root of T' and ends with e. Observe that every
edge whose one endpoint is on the path and that comes after e in the order < belongs to the
set F,. Indeed, by adding each such edge to F' we obtain a feasible set. It is also easy to see
that adding any other edge larger than e to A would not yield a feasible set. |

We use the following theorem in the proof of the next lemma.

» Theorem 21 ( [23]). Let X be a martingale such that Z:?:l Var[X; | X;_1] <V and
Xi—X,-1 <M. Then,

—\2
Pr(X; —E[X]| <))< —_— ].
r(X - BlX] < )_eXp(2-V+M)\/3)
» Lemma 13. Let 0 < e < 1/3 and let T = (G, s,C,w) be an instance of SGE, in which
B > 5c/e?-Inn. Let F be a set of edges acquired by some adaptive strategqy. If u(F) > (1+¢)-B
then the probability that C(F) < B is at most n™¢.

Proof. In order to bound the probability, it is crucial to exploit the property of irrevocable
decisions, which forces the adaptive strategy to keep an item even if its size turns out to be
very large. Therefore, we would use the martingale framework. For an adaptive strategy let
F; denote the set of the first ¢ items chosen by the strategy. Note that no further items are

added to F} once the cost of the edges in Iy exceeds the budget. Define X; = > . (c(e) — pie).

It is easy to verify that X; is a martingale, since E[X; 1 | X;] = X;. Note that Xy, = 0 by
definition. Next, we bound the variance of

Var[X; | X;_i] = Var[(C(e) — u.)] = B[C(e)?] — E[C(e)]® < E[C(e)?] < BIC(e)],
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where the last inequality holds since the cost of each edge is bounded by 1.
We now apply Theorem 21 with X; = C(F;) — u(F;), M =1 and A = eB. Observe that
S, Var[X; | X; 1] < (1 +¢) - B. Hence, we have

Pr(C(F,) < B) < Pr(C(F,) < p(Fy) - eB) < Pr(C(F,) — u(F,) < —cB)
—€e2. B2 —e2.B
= o <2(1 YeBte- B/3) < exp (2(1 Yo+ e/3>

<e —4clogn < p—c
X — n .
=P\ 21+ e +e/3) =

<

» Lemma 22 (Chernoff bound). Let X be the sum of binary independent random variables
X1, Xo, ..., X, where X; € [0,1] Then, for any § > 1, Pr(X > (1+9)-E[X]) < exp(—J -
E[X]/3).

» Lemma 14. Let 7 = (G, s,C,w) be an instance of SGE. For any set of edges F' and any
B >5¢/e? -Inn, if u(F) = B then the probability that C(F) > (1 + €)B is at most n=¢.

Proof. We apply Chernoff bound by setting X; = C(e). We have X = C(S) and

Pr(C(F) > (1+e)-B) < exp (E?;B> <n”°
<

» Lemma 15. Let T = (G,s,C,w) be an instance of SGE, where B > 5c/e?Inn, the
mazimum reward R satisfies R < en®~1, and the minimum reward is 1. Let T, be obtained
from T by replacing each edge cost with its expected value. Let OPT,, be the optimal set
strategy using budget (1+¢€)B for I, and OPTy, be the optimal adaptive strategy using budget
B for . Then, (14 €)r(Z, OPT;,,, (1 +¢€)B) > r(Z, OPT,4, B).

set?

Proof. First, we bound r(Z, OPT,.q, B). This payoff is the sum of two terms: the expected
payoff when the expected cost of the acquired edges is at most (14 ¢€) - B and the payoff when
the expected cost of edges is greater than (1 4 €)B. In the following we use 7(Z, S, B | £) to
denote the expected payoff of strategy S, conditioned on the event £.

Let F be the set of edges acquired by OPT,q. Observe that r(Z,OPT.q, B | u(F) <
(1+¢€)B) < r(Z,,OPT¢,, (1 + ¢)B). This follows from the fact that the conditioning on
w(F) < (1 + €)B limits the possible sets of edges that the adaptive strategy can acquire to
the sets of edges considered by the set strategy. We now obtain

r(Z,0PTaq, B) 7(Z,0PTaq, B | u(F) < (1+¢€)B)+7(Z,0PTaq | u(F) > (1 +¢€)B)

(Z,0PTaq,B| u(F)<(1+€¢)B)+n-R-n~°
7(Ze, OPTS, (1 4+ €)B) + ¢

(1+€e)r(Z.,OPTc,, (1+€)B),

set?

(VAN VAN VAN VAN

where the second inequality follows from Lemma 13 and the last one from the fact that the
set strategy obtains at least a reward of 1. <

E2

» Theorem 12. Let 7 = (G, s,C,w) be an instance of SGE, where C(e) = O(1;) (for each
edge e and some 0 < e = O(1)), R < en®Y) | and the smallest reward is 1. Then, in polynomial
time, we can compute a nonadaptive (O(1),1 + €)-approzimate strategy for T. Additionally,
if G is a tree, then in time O(n3/€) we can compute a nonadaptive (1 + €, 1 + €)-approzimate
strategy for T.
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Proof. By combining Lemma 15 with Lemma 10 we obtain an algorithm which can compute
a nonadaptive (1 + ¢, (1 + €)?)-approximate algorithm in O(n3/¢) time. By tuning constants,
the approximation can be improved to (1 4 ¢€,1 4+ ¢€).

On the other hand, for general graphs we combine Lemma 15 with the 8-approximate
algorithm for the max-prize problem (see Section 4.3) and obtain a (8(1 + ¢€), 1 + €) strategy,
which by tuning constants can be improved to (8 +¢,1 + ¢). <

» Lemma 16. Assume that for each edge e;, i € [n] we have ¢; € [0,1]. Then

Pn(3) = Pu(1) (1 = In(Pu(1))).
Proof. First we show that, for all j € [n] we have that:

Pr(C" <3|C'7'<1,07 >1) >Pr(C" <1|C7 <1). (2)
The events C7 < 2 and C’]T‘_s_1 <1 imply C™ < 3. The event C7~! < 1 implies that Ci<2
because ¢; < 1. For i # j, ¢; and ¢; are independent random variables, thus C? and C7,4

are also independent. Using these observations we obtain

Pr(C" <3|C'"'<1,¢7>1) >Pr(C? <2,C;,, <1|C771 < 1,07 > 1)

( a1
=Pr(Cj,, <1|C77'<1,¢7 > 1)
=Pr(Cj,, <1)
=Pr(C},, <1)-> Pr(C/ =t|C’ <1)
t<1
=> Pr(Cp, <1) -Pr(C/ =t|C/ <1)
t<1
> Pr(C}, <1-1t)-Pr(C? =t|C7 <1)
t<1

= Pr(C}, <1-t[C7 <1)-Pr(C/ =t|C7 <1)
t<1
=Pr(C"<1|C7<1).

To simplify the notation in the following, we define N; = PI‘(C1 < 1) and forr = 2,...,n,
N, =Pr(C"<1|Cm' <1).
We will next make use of the following equalities.

Pr(C"<1) = ﬁN

i=1

Pr(ct<1|c/<1)= [] M,
i=j+1
r—1
Pr(C">1,C""'<1)=(1-N,)- H N;.

i=1

We partition the event C™ < 3 into disjoint events according to the first index ¢ (if any)
such that C* > 1, we get
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Pr(C" <3)=Pr(C"<3,C"<1)+» Pr(C"<3,07>1,07' <1)
j=1

=Pr(C"<1)+ ) Pr(C"<3[C7>1,077" <1)-Pr(CV > 1,077 <1)

:Pr(C"§1)+Zn:<Pr(C”<3|CJ>1CJ1<1 HN)
2Pr(0"§1)+zn:<Pr(C’”<l|C’]<l HN)

n n j—1

<+ ( IT ~i-a=ny- T~

j=1 \i=j+1 i=1
= Pr(C" < 1) +zn: 1 ;VNJ . <ﬁN1>
:Pr(C"<1)+n 1_N Pr(C" <1)=Pr(C" <1)- f:
>Pr(C" < ( ) =Pr(C"<1) ( (ﬁ ))
=Pr(C" <1)-(1-In(Pr(C" < 1))),

where the first inequality follows from Equation (2) and the second from e¥ > y + 1, which
fory:flna:gives%zflnz. |

» Corollary 17.

1—In(P,(1)))?
Pa(9) 2 Py ()
Proof. Let for i € [n] define ¢; = ¢;/3, and define analogously C™. Notice that ¢; € [0,1/3] C
[0,1]. We apply Lemma 16 twice (first for C™ and then for C™ and we obtain By rescaling
the costs by factor of 1/3 (denoted with a tilde), we get that & € [0,1/3], and therefore
€ [0,1] and we apply Lemma 16 we have

P,(9) =Pr(C" <9)
=Pr(C" <3)
> Pr(C‘" <1)-(1- 1n(Pr(C~'" <1))
> Pa(3) - (1 = n(Pu(3))
> Pa(1)- (1 =In(Pr(1))) - (1 = In(Pp(1) - (1 = In(Pn(1))))
= Po(1) - (1 = In(Py(1))) - (1 = (P (1)) = In(1 = In(Py(1))))
by, =P

where the last inequality uses the fact that /2 > In(z), where we apply © = 1—1n(P,(1)). <
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» Lemma 18.

mkaX{T(I, Sk,9B)} > 0.46 - #(Z, S, B).

Proof. First note that Pr(Cj < 1) is a nonincreasing function of j. We partition the
edge set into classes Ag, Ai,..., A; such that j € A; if e 7! < Pr(Cj < B) < e ' Let
w(A;) = ZjeAq-, w(vj) and T'(r) = Y.._,w(A;). Then

L

¢
r(Z,8, B Z < e'T(i).
i=1 i=1
Let k* = argmaxy{r(Z,Sk,9B)}. For all i, let a(i) = max{j : j € A;}, and M =
r(Z, Sk~,9B). Then
(i +2)2

M = (T, Sg-,9B) > T(i) - Pr(ca“) < 93) > T(i) - o

Here, the first inequality follows from the fact that k* corresponds to the maximum value.

For the second inequality, note that a(i) € A; and, hence, Pr(C*(") < B) > e~~1. By
Corollary 17, we obtain that Pr(C’“ )< 9B) > e 1 (1 —In(e""71))?/2 = (213312.

Therefore, we have that T(i) < %, and

B MINESWEEPER on Trees

In this section we describe the optimal algorithm for MINESWEEPER problem, in the case
when the input graph is a tree.

B.1 Scheduling with Tree-Like Precedence Constraints

We now introduce and solve a problem of n jobs with tree-like precedence constraints on
a single machine. Some special cases of the problem we consider here have been solved
before [2,3,18] and actually the main idea of the algorithm is the same as in the previous
works.

Let A be a set of n jobs. An ordering is a sequence of length n consisting of distinct
elements of A (a permutation of A). We denote by Ord(A) the set of all orderings of A and

by Seq(A) we denote the set consisting of all sequences that contain distinct elements of A.

Moreover, if X and Y are sequences we use X - Y to denote their concatenation.
The input to the scheduling problem we consider is a tuple (A, n,T,c), where A is a set

of n jobs, T is a rooted tree, whose vertex set is A, and ¢ : Ord(A) — R is the cost function.
Let parr(a;) be the parent of a; in T. We say that an ordering a4, ..., a, is valid (w.r.t.

T) iff a; is the root of T" and for each 2 < i < n we have that parr(a;) € {a1,...,a;—1}. The

goal is to compute a valid ordering aq, ..., a, such that the cost ¢(ay,...,a,) is minimized.

We call every such sequence an optimal ordering.
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Let S=W - -X-Y - Z be a valid ordering. We say that X and Y are swappable (with
respect to S) iff W-Y - X - Z is a valid ordering. Observe that X and Y are swappable when
for each x € X and y € Y, « and y are not in ancestor—-descendant (or descendant—ancestor)
relation in 7.

» Definition 23. Consider a scheduling problem (A,n,T,c). Let W - X -Y - Z € Ord(A).
We say that a function u : Seq(A) — R is a utility function for (4,n,T,c) when

c(W- XY -Z2)<c(W-Y-X -Z)euX)>ul).

» Corollary 24. Let S be an optimal ordering. Assume that S =W - X -Y - Z, where X and
Y are swappable. Then u(X) > u(Y).

Proof. Assuming u(X) < u(Y') immediately gives a contradiction to the assumption that S
is optimal. |

In the remaining of this section we show an efficient algorithm, which, given (A,n, T, c)
and a utility function, computes an optimal ordering. Note that the previous works only
considered concrete cost functions (which, although not stated explicitly, did admit utility
functions).

» Lemma 25. Let ay be a job with a single child ay in T. Moreover, assume that u(ay) <
u(ag). Then, as is scheduled immediately after ay in some optimal ordering.

Proof. Let S be an optimal ordering. Clearly, a; has to appear before as, so S is of the
form S =X -a;-Y -ay- Z for some X,Y,Z € Seq(A). Since as is the only child of aq, we
know that a; and Y are swappable. Similarly, Y and as are swappable.
Thus, the order S’ = X -Y - a; - as - Z is valid. Moreover, by Corollary 24 applied to S
we get u(Y) > u(asz), which implies w(Y") > u(ay). Thus, by Definition 23, ¢(S’") < ¢(S).
Hence, S’ is an optimal ordering, in which as is scheduled immediately after a;. <

Consider an algorithm that computes a valid ordering a1, ..., a, greedily. It runs in n
steps. In the ith step it selects a job a; that is either the root of T' or which has the maximum
utility u(a;) among jobs whose parents were already added to the ordering. Note that the
resulting ordering is not necessarily unique, as the algorithm may have to choose between
jobs of the same utility. We call every ordering that may be produced by the algorithm
a greedy ordering of A. Let a € A and let D, be the set of jobs (vertices) that are proper
descendants of a in T (hence, a € D,). The greedy algorithm described above can also be
used to order jobs in D,, and we extend the definition of greedy orderings to such sets.

» Lemma 26. Let a € A be a job. Assume that for each proper descendant b of a such that
parp(b) # a we have u(b) < u(pary(b)). Let S, be some greedy ordering of the set Dg of
proper descendants of a. Then, there exists an optimal ordering of A containing S, as a
subsequence.

Proof. Let k denote the number of descendants of @ in T and let af, ..., a} be their greedy
ordering. Moreover, let aq,...,a; be the ordering of all proper descendants of a in some
optimal ordering S. Thus, S = X;-a1-Xao-...- Xg-ag- Xgy1 for some Xy, ..., X1 € Seq(A).
By definition, each descendant of a is some other a;-, which means that each a} is swappable
with X, for ¢ > 2. Therefore, ' = X1 -a} - Xo-...- Xj - a}, - Xg+1 is a valid ordering. To
complete the proof, it remains to show that ¢(S’) = ¢(5).
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First, consider S = X7 -a1 - Xo-... - Xg - ag - Xgy1. For 2 < i < k we have that X;
is swappable with a; and for each 1 < i < k, a; is swappable with X,;;;. By applying
Corollary 24 we conclude that u(a;) > u(a;41) for 1 <i < k.

From the assumption that u(b) < u(pary (b)), combined with the algorithm for computing
greedy orderings, we also have u(a;j) > u(aj ;). Hence, in both S and S’ the jobs are sorted
in nonincreasing order of utilities. This means that S’ can be obtained from S by permuting
jobs that have equal utilities.

Recall that 8" = Xy -a} - Xo - ...+ X - a}, - Xi41. To complete the proof, we show that
if u(a;) = u(aj ), then the two jobs can be swapped and the resulting ordering is still
valid and has the same cost. The assumption u(a}) = u(aj, ;) combined with the fact that
w(@)) > u(Xis1) > ulaly), yields u(a]) = u(Xipr) = u(aly,).

We now swap a; with aj__; by performing 3 swaps of adjacent elements aj, X;;1, and aj_ .

Since the utilities of each these elements are equal, swapping does not influence the cost of
the ordering. We only have to show that each time we swap a swappable pair. Clearly, both
aj and aj; can be swapped with X;;1. In addition a; and aj,; can be swapped with each
other. The fact that u(aj) = u(aj, ) combined with the assumption that u(b) < u(parr(b))
implies that neither of these elements is an ancestor of the other. The lemma follows. <«

Lemmas 26 and 25 motivate two reductions, which we can apply to our problem, without
changing the cost of the optimal solution.

We first describe a merging reduction, based on Lemma 26. Let a € A be a job satisfying
the assumptions of Lemma 26. The merging reduction consists in replacing the subtree of a
by a path containing the jobs ordered in a greedy way.

» Corollary 27. Consider a scheduling problem (A,n,T,c). Let a € A be a job satisfying the
assumptions of Lemma 26 and T, be the tree obtained from T by performing a merging step
on a. Then, every optimal ordering for (A,n,T,,c) is an optimal ordering for (A,n,T,c).

Proof. Observe that the precedence constraints defined by T, can only be stricter than the
ones given by T'. Thus, every optimal ordering for (A4,n,T,,c) is valid for (4,n,T,c). From
Lemma 26 it follows that the costs of optimal orderings in both problems are equal. |

Now consider two jobs a; and as satisfying the assumptions of Lemma 25. A contracting
reduction contracts two jobs a1 and as into one job agz of utility u(ay - az). More generally,
we define u(X - a3 YY) :=u(X -ay -az-Y). By Lemma 25 and Corollary 27 both reductions
do not change the cost of the optimal ordering. In order to compute the optimal ordering,
we apply the reductions repeatedly.

» Lemma 28. Consider a job a € A and the subtree T, of T' rooted in a. If the contracting
reduction cannot be applied within T,, then either T, imposes a linear order of jobs or the
merge reduction can be applied within T,.

Proof. Consider the lowest node x of T, that has at least two children. Note that such

node exists if T, is not a single path (which would impose a linear order on the jobs).

From the choice of x we have that each subtree rooted at = is a path. Moreover, since the
contracting reduction cannot be applied, we immediately have that the merge reduction can
be applied. |

It follows that, by applying the reductions, we obtain a tree T” that imposes a linear order
of jobs. It remains to show that the final ordering can be computed efficiently. To that end,
we need to assume that the utility function can be computed efficiently. In our algorithm,
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we compute the utility of sequences consisting of a single job and merge jobs during a merge
reduction. When this happens, two jobs a; and as are replaced with one, which is equivalent
to executing a; immediately followed by as. Jobs a; and ay are discarded, which implies
that this step can be executed at most n — 1 times, where n is the initial number of jobs.
We say that a utility function can be maintained efficiently if we can compute the utility of
each individual job in O(1) time, including jobs that are created during a merge reduction.

» Theorem 29. Let (A,n,T,c) be an instance of the scheduling problem. Assume that there
exists a utility function u for (A,n,T,c) that can be maintained efficiently. Then, the optimal
ordering for (A,n,T,c) can be computed in O(nlogn) time.

Proof. The algorithm is a recursive function that, given a node of T, replaces the subtree
rooted at T' with a path (subtree imposing a linear order of jobs) without affecting the cost
of the optimal ordering. It turns out that we can reuse the existing algorithm from [2] that
proceeds analogously (the only difference is that it uses some particular utility function).
The algorithm is a simple implementation of the recursive function, using leftist trees. As
shown in [2] it runs in O(nlogn) time. <

B.2 Optimal Algorithm for MINESWEEPER on Trees

» Theorem 8. Consider the instance T = (T, s,p,w) of the minesweeper problem, where
T is a tree. The optimal strategy, OPTys, for MINESWEEPER on T can be computed in
O(nlogn) time, where n is the number of vertices of T

Proof. Observe that the minesweeper problem can be viewed as a job scheduling problem with
precedence constraints, where the jobs to be scheduled are nodes of T'. In the minesweeper
problem, the goal is to produce an ordering of edges, but in the case of trees this is the same
as ordering the vertices. Namely, having ordered the vertices, we can produce the ordering of
edges by taking the edges connecting each vertex to the parent (and ignoring the first vertex
in the sequence).

Let {a;;1 < i < n} be the set of vertices of T, a; = s being the root of T. To simplify
notation, in the following, for 1 < i < n we denote by p(a;) the probability that the edge
(parr(a;),a;) materializes (we also set p(a;) = 1). An ordering a1 - as - ... - a, of vertices of
T defines a (nonadaptive) strategy for the minesweeper problem.

For a sequence of vertices by - ...- b, in T define

k i

Wb, obe) = > (w(b) [[ o)

i=1 j=1

Then notice that W(a; - ... ay,) is the expected payoff of the nonadaptive strategy that
probes the edges according to order a; - ... a,: Executing this strategy we collect a weight
w(a;) iff the process does not stop before reaching a;, that is, iff all the edges (parr(a;),a;)
for j = 2,...,7 materialize.

To compute the optimal ordering of vertices of 17", we use Theorem 29. To apply it, it
suffices to show that the job-scheduling problem we obtain admits a utility function and that
the function can be maintained efficiently.

Consider an ordering S = X7 - X5 - X3 - X4 and let P; be the probability that all parent
edges of vertices of X; materialize. That is, for X; = by,..., by, P; = H?zl p(b;).

Notice that we can write

W(S)=W(X1 X X3-X4) =W(X1) + PAW(X3) + PLPaW(X3) + PLPaPsW(Xy).
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Furthermore, we have that the following inequalities are equivalent:

W(X)-Xs- X3 Xg) <W(X; - X3 Xo- Xy)
PW(X3) 4+ PLPW (X3) < LW (X3) + PLP3W(X5)
W(Xz) + W (X3) < W(X3) + W (X3)
W(X2)(1 - P3) <W(X3)(1 - Py)

W(Xs) _ W(Xs)

| /\

1-P, — 1- P

Hence, u(X;) = W(X;)/(1 — P;) is a utility function for this problem. Note that if P; =1,
then we can set u(X;) to be equal to a fixed value M that is larger than any other utility
(this value can be the same, regardless of X;). It is easy to see that this utility function can
be maintained efficiently by storing P; and W (X;) for each job X; that we obtain as a result
of merging jobs. Thus, we can now apply Theorem 29 to complete the proof.

|
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